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Analysis of Rotorcraft Flight Dynamics in Autorotation

S. S. Houston¤

University of Glasgow, Glasgow, Scotland G12 8QQ, United Kingdom

Autorotation is a � ight state whereby no powerplant torque is applied to the main rotor of a rotorcraft. For
helicopters, autorotation is an abnormal mode of operation utilized in descending � ight following total power
failure. However it is the normal mode of operation for autogyros. It is common in helicopter mathematical
modeling to assume constant rotorspeed, but this is invalid in autorotation. Introduction of the rotorspeed degree
of freedom in modelinggives rise to an additionalmodeand couplingwith the existing rigid-bodymodes. This paper
therefore aims to explore the development of generic analytical expressions, exposing the role of the rotorspeed
degree of freedom in modifying the classical rigid-body modes of motion. The analytical expressions are veri� ed
by quantifying their validity using autogyro derivatives obtained from a full nonlinear individual blade model.
Comparison with the helicopter case then extends the generality and applicability of the analysis. It is concluded
that there is an intimate relationship between the rotorspeed and low frequency rigid-body modes of rotorcraft in
autorotation. The analytical expressions highlight the essence of coupled rotorspeed and rigid-body dynamics in
autorotation, clearly identifying the conditions under which this relationship is stabilizing or otherwise.

Nomenclature
A = linearized model system matrix; stability

cubic coef� cient
A11 , etc. = minors of linearized system matrix
aph; bph = phugoid mode stability quadratic coef� cients
a11; a12, etc = elements of low-order model system matrix
B = linearized model control matrix; stability

cubic coef� cient
B1; B2 = minors of linearized control matrix
C = stability cubic coef� cient
D; L = blade element drag and lift, N
Mu ; Mw; etc. = pitching moment derivatives, 1/(ms), etc.
Qu ; Qw; etc. = rotor torque derivatives, 1/(ms2), etc.
q = pitch rate, rad/s
Up; Ut = normal and tangential blade element

velocities, m/s
u; w = translational velocity components along

body axes, m/s
u = control vector
Xu ; Xw; etc. = longitudinal body axis acceleration

derivatives, 1/s, etc.
x = state vector
xblade = blade element Ox axis
x1; x2 = subspace of linearised model state vector
Zu ; Zw , etc. = vertical body axis acceleration derivatives,

1/s, etc.
± A; ±B; ±C = changes to stability cubic coef� cients

as a result of coupling with rotorspeed
degree of freedom

±aph; ±bph = changes to phugoid mode stability quadratic
coef� cients as a result of coupling with
rotorspeed degree of freedom

±Up = perturbation in blade element normal
velocity, m/s

´s = longitudinal stick position, %
(0% fully forward)

µ = pitch attitude, rad
µ0 = main rotor collective pitch, rad
¸ = stability root
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¸Ä = rotorspeed mode stability root
Á; ±Á = blade element in� ow angle; perturbation

in blade element in� ow angle, rad
!sp = short period mode approximation undamped

natural frequency

Introduction

A UTOROTATION is an aerodynamic condition whereby the
angular velocity of a rotor is sustained by air� ow, rather than

by means of engine torque applied to the shaft. Helicopters use
autorotationfollowing total power failure, but for autogyros it is the
normal mode of operation.Glauert’s seminal work on autorotation1

shows clearly that rotorspeed is a function of load factor and the
axial component of rotor translational velocity. Pilots of rotary-
wing aircraft are familiar with such behavior, although analysis of
the impact of autorotation on � ight dynamics is absent from the
literature. Recently, interest in autogyro behaviour has produced
data from mathematical modeling and � ight experiments.2¡5 These
data represent a sound framework for the analysis of the impact
of the rotorspeed degree of freedom on the rigid-body modes and
therefore handling qualities of rotorcraft in autorotation.

The objective of this paper is to explore the coupling between
the rotorspeed degree of freedom and aircraft longitudinal rigid-
body modes of motion, thereby contributing to a sparse literature
on the subject, particularlyfor helicopters.The aims are as follows:
� rst, to use the method of weakly coupled systems6 to synthesise
approximationsto the rigid-bodymodes in terms of stabilityderiva-
tives arising from inclusionof rotorspeed in the conventionalmodel
structure; second, to use these expressions to expose the role of the
rotorspeed degree of freedom in modifying the classical rigid-body
modes; third, to verify the analysis using data from a simulation
mathematical model con� gured as an autogyro; and � nally, to ap-
ply the analysis to a conventional helicopter.

Background
Recent work on the � ight mechanicsof autogyroshas highlighted

the importance of the rotorspeed degree of freedom in the simula-
tion and analysis of rotorcraft in autorotation.2¡5 This work has
shown that the longitudinalmodes of motion are essentially similar
to classical � xed-wing short-period and phugoid behavior, in terms
of frequency and content. However, the model structure requires
to be augmented by inclusion of the rotorspeed degree of freedom,
resulting in an additionalmode. Models identi� ed from � ight exper-
imentsusingsystemidenti� cationmethods3 aswell as thosereduced
from a fully nonlinear individual blade/blade element mathemati-
cal model5 indicate a degree of coupling between the classical be-
haviour and this additional rotorspeedmode. The augmentedmodel
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structure introduces a new primary damping term and two groups
of coupling derivatives: body/rotorspeed and rotorspeed/body.

The method of weakly coupled systems6 provides a suitably
rigorous analytical tool for unravelling the coupled behavior of
multi-degree-of-freedom systems. In Milne’s approach the natural
separationof the various modes in terms of frequency is used as the
basis of a series of low-order approximations to the actual modal
behavior. These approximations, by virtue of their low order, can
expose with clarity the factors in� uencing modal characteristics.
The method has been applied successfully to the analysis of heli-
copter rigid-body modes.7 The recent autogyro work3;5 indicates
that frequencyseparationbetween the modes exists, allowing direct
application of Milne’s method to this problem.

Analysis
The model structure is of conventional state-space form, that is,

Px D Ax C Bu (1)

where

A D
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(2)

x D [u w q µ Ä]T ; u D [´s] (3)

This constitutes the longitudinal subset of the conventional six-
degree-of-freedomrigid-body� ight mechanics model, with the im-
portant (and unique) addition of the rotorspeed degree of freedom.
Reordering and partitioning Eq. (1) thus

µ
Px1

Px2

¶
D

µ
A11 A12

A21 A22

¶ µ
x1

x2

¶
C

µ
B1

B2

¶
u (4)

where x1 D [w q]T and x2 D [u µ Ä]T prepares the model for
simple application of Milne’s method, as follows:

Px1 D A11x1 C A12x2 C B1u (5)

Px2 D A21x1 C A22x2 C B2u (6)

where

A11 D
µ
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¶
(7)
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0 0 0

Qu 0 QÄ

3

5 (10)

The partitionedsystem describedby Eqs. (5–10) can be describedas
“weakly coupled” if the eigenvalue sets implied by the partitioning
are widely separated in modulus, and the coupling matrices are in
some sense small. Full description of the theory is to be found in
Ref. 6, but for the purposes of this paper the consequencesof weak
coupling are that Eqs. (5) and (6) become

Px1 D A11x1 C B1u (11)

Px2 D
¡

A22 ¡ A21 A¡1
11 A12

¢
x2 C

¡
B2 ¡ A21 A¡1

11 B1

¢
u (12)

Equation (11) approximatesthe short-periodbehavior (the approxi-
mation does not includerotorspeed), whereasEq. (12) approximates

the phugoid and rotorspeedmodes. References 3 and 5 indicate that
there is no separation in modulus between rotorspeed and phugoid
modes, and so no further partitioning of Eq. (12) into two simpler
subsystems is possible. Additional simpli� cation is made by ne-
glecting the derivatives Qq ; Z µ , and Mµ . Error bounds associated
with identi� cation of Qq from � ight test are so large as to sug-
gest that it may be inappropriate to include in the model structure,3

whereas the contributions of Zµ and Mµ to the modes can be veri-
� ed as normally very small. The elements of the system matrix of
Eq. (12) are then

A22 ¡ A21 A¡1
11 A12 D

2

4
a11 a12 a13

a21 a22 a23

a31 a32 a33

3

5 (13)

where

a11 D Xu ¡
Xw .Mq Zu ¡ Zq Mu/ C Xq.Mu Zw ¡ Zu Mw/

!2
sp

a12 D Xµ

a13 D XÄ ¡
Xw.Mq ZÄ ¡ Zq MÄ/ C Xq.MÄ Zw ¡ ZÄ Mw/

!2
sp

a21 D ¡
Mu Zw ¡ Zu Mw

!2
sp

a22 D 0

a23 D ¡
MÄ Zw ¡ ZÄ Mw

!2
sp

a31 D Qu ¡
Qw.Mq Zu ¡ Zq Mu/

!2
sp

a32 D 0

a33 D QÄ ¡
Qw.Mq ZÄ ¡ Zq MÄ/

!2
sp

And the characteristic equation is

¸3 ¡ .a11 C a33/¸2 C .a11a33 ¡ a21a12 ¡ a31a13/¸

C a12.a21a33 ¡ a31a23/ D 0 (14)

Note that the rotorspeed derivatives pervade all three coef� cients
in this cubic equation, and because no further partitioning of the
subsystem matrix is possible no simple, direct relationships can be
synthesized to relate phugoid and rotorspeed mode characteristics
to terms in Eq. (13).

However, the sensitivityof the modes to changesin the derivatives
can be establishedby a perturbationanalysisof Eq. (14). Noting that
Eq. (14) can be written as

¸3 C A¸2 C B¸ C C D 0 (15)

.¸ ¡ ¸Ä/
¡
¸2 C aph¸ C bph

¢
D 0 (16)

then the following linearized relationshipscan be determined:
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³
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±¸Ä D ±A
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Ä
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³
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´
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³
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´
(19)

where ± signi� es changes caused by the presence of those terms
in the cubic that couple the rotorspeed degree of freedom with the
phugoidmode, that is, ±A D 0; ±B D ¡a31a13, and±C D ¡a31a23a12.
These equations can be used to describe the relationships between
the derivativesspeci� c to inclusionof the rotorspeeddegree of free-
dom and the phugoidmode. Root locusplots for the full system then
provide an important veri� cation that the essential features of the
system are encapsulatedby these approximations.

Results
The nonlinear individual blade/blade element rotorcraft model

described in Ref. 5 is generic, requiring only an appropriate col-
lection of data to render the simulation type speci� c. The model
has been validated against � ight-test data in both helicopter8;9 and
autogyro con� gurations.5 However, validation of helicopters in au-
torotationhas not been possiblebecauseof lack of data in this � ight
condition, although model functionality has been veri� ed by en-
suring that performance curves, e.g., relating rate of descent and
airspeed,10 have the correct appearance. Autogyro validation has
shown that the model emulates satisfactorilythe variability in rotor-
speed that is a consequenceof operation in autorotation.As a result,
the results focus on this aircraft as the model has a de� ned level of
validity in this application.

Veri� cation of Approximations
The VPM M16 autogyro was simulated for a mass of 425 kg

in steady level � ight at 60 kn and a density altitude of 2000 ft.
The model was linearized numerically, and the resulting stability
and control derivativesare given next, reordered, and partitioned in
accordance with Eq. (4):
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where
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Table 1 shows the eigenvaluesof this system, togetherwith those
of the approximate models described by Eqs. (11) and (12). It can
be seen that the essential requirement of the weakly coupled sys-
tems approach is met, that is, that the modes must be widely sepa-
rated in modulus. The approximations are good representationsof
mode dampingand frequencyand thereforeform a suitablebasis for
analysis.

Table 1 Comparison of approximate and exact modes

Mode Exact Approximate

Short period ¡1.0641§ 0.8636i ¡1.1015§ 0.8218i
Phugoid ¡0.0737§ 0.1335i ¡0.0901§ 0.1264i
Rotorspeed ¡0.2895 ¡0.2757

Table 2 Rotorspeed coupling terms and approximate
system modes

Rotorspeed
System Phugoid mode mode

Eq. (21) ¡0.0901§ 0.1264i ¡0.2757
Eq. (21), no rotorspeed ¡0.1115§ 0.0937i ¡0.1052

coupling

Coupling with Rotorspeed
Using the approximationgiven by Eq. (13), the values in Eq. (20)

give

A22 ¡ A21 A¡1
11 A12 D

2

4
¡0:2229 ¡9:2219 ¡0:0100

0:0023 0 0:0030

0:0624 0 ¡0:2329

3

5 (21)

Table 2 compares the eigenvalues of this system with those that
would pertain if the rotorspeed and rotor torque derivatives were
zero.

The approximationshows that couplingbetween the bodyand ro-
torspeeddegreesof freedom serves to destabilizethe phugoidmode
byalmost20%and increaseits undampednaturalfrequencyby 35%.
The rotorspeed mode damping however bene� ts from the coupling
between these degrees of freedom, as its damping is increased by
160%.

Consideration of Table 2, together with Eqs. (13), (20), and (21),
identi� es clearly the sources of the increased damping of the rotor-
speed mode. First, the primary damping derivative QÄ D ¡0:1052
is augmented by the term

¡
Qw.Mq ZÄ ¡ Zq MÄ/

!2
sp

(22)

This is responsible for increasing its value to ¡0.2329. Second, the
terms a13; a23; and a31 redistribute the remainder from the phugoid
mode damping. Their role can be identi� ed using Eqs. (14) and
(17). A numerical audit of the terms in Eq. (21) con� rms that ±B
is negligibly small. Hence, although the coupling derivative XÄ is
nonzero its in� uence is diminished by other compensating terms,
principally the effect of Xw . The focus is then on cubic coef� cient
C , and writing

±C D ¡a12a31a23 (23)

then the presence of these coupling terms gives ±C > 0, that is,
±aph < 0 and ±bph > 0, which is veri� ed in Table 2.

Role of Rotor Torque Derivatives Qu and Qw

Figure1 showsa simpli� ed representationof the forcesactingona
bladeelement in equilibriumandperturbed� ight. If the perturbation
is assumed to be small, then blade lift and drag have approximately
the equilibrium values, simply rotated by ±Á. The in-plane force is
increasedby ±X D L±Á, tending to increasethe rotorspeed.Because
the autogyro rotor is tilted aft relative to the airframe typically by
10 deg, then perturbations in u as well as w will give rise to ±Up .
This means that the fundamental physics of autorotation are such
that Qu > 0; Qw > 0, with Qu < Qw . Qw serves to bring additional
damping to the low-frequency subsystem comprising phugoid and
rotorspeed modes, but it also redistributes this damping between
thesemodes throughthecouplingterma31. Because Qu onlyappears
in a31, it acts purely to distribute subsystem damping between the
modes, although in this case its effect is mitigated by Zu because
Qw is always positive.
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Fig. 1 Schematic of blade element forces in equilibrium and distrubed
� ight.

Fig. 2 Root locus of autogyrophugoidand rotorspeed modes: increas-
ing Qu; ¨, phugoid, and ¥, rotorspeed.

Without Qu ; a31 would be negative, and Eq. (23) then shows that
the phugoid mode damping would be substantially increased at the
expenseof rotorspeedmode damping. Figure 2 is the root locusplot
for varying Qu between 0.06 and 0.26. As phugoid mode damping
is decreased with increasing Qu , that of the rotorspeed mode is
increased and vice versa.

Pitching-Moment Perturbations Caused by Rotorspeed Changes (M )
The derivative MÄ has an important role to play for two reasons.

First, unlike the other rotorspeedand torque derivatives that will be
largely invariant for a given aircraft, MÄ can vary with the position
of the center-of-mass. Second, it can be seen from the preceding
section that MÄ has an intimate role to play both in redistributing
damping from phugoid to rotorspeed modes, as well as augment-
ing the primary rotorspeed damping through coupling with other
terms.

For example, if

MÄ D ZÄ Mw=Zw (24)

then a23 D 0, that is, ±C D 0. There will be no parasiticredistribution
of phugoid damping to the rotorspeed mode. For the model given
by Eq. (20), this would require MÄ D ¡0:00625.A secondaryeffect
of such a change to MÄ is increased primary rotorspeed damping.
However, if

MÄ D Mq ZÄ=Zq (25)

Table 3 Impact of rotorspeed coupling terms on approximate
system modes

Rotorspeed
System Phugoid mode mode

Eq. (21) ¡0.0901§ 0.1264i ¡0.2757
Eq. (21), MÄ D ¡0:00625 ¡0.1144§ 0.0925i ¡0.2744
Eq. (21), MÄ D 0:01097 ¡0.0255§ 0.1736i ¡0.2771

Fig. 3 Root locus of autogyrophugoidand rotorspeed modes: increas-
ing MX ; ¨, phugoid, and ¥, rotorspeed.

forwhich MÄ D 0:01097,then two adversechangestake place.First,
the primary rotorspeed damping derivative is not augmented. This
means that a33 is reduced, that is, ±A < 0. Equations (17) and (19)
indicate that the consequence of this is ±aph < 0 and ±¸Ä > 0, that
is, both phugoid and rotorspeed modes are destabilized. However,
the coupling term a23 is increased substantially, and as has already
been seen this will redistribute damping from the phugoid to the
rotorspeed mode. Although this further worsens the phugoid mode
dampingand increasesthe frequency,it doesserveto augmentthe ro-
torspeedmode. These changesare veri� ed and quanti� ed in Table 3,
and Fig. 3 is the root locus plot for increasing MÄ from ¡0.0096 to
C0.0096, which con� rms the role of this derivative in the stability
of both phugoid and rotorspeed modes.

Helicopter Case
Although the model has not been validated for helicopter opera-

tion in autorotation, it is argued that the autogyro validation results
are of relevance and signi� cance to the simulation of helicopters in
autorotation because of the generic nature of the simulation code.
However, unlike the autogyro, the helicopter sustains autorotation
by means of descending � ight, and therefore increasing air density
may, over a period of time, adversely impact on the veracity of any
linearization. It is therefore appropriate to quantify and understand
limitations in the linearizedmodel with respect to the full nonlinear
simulation. Con� guration data for the Puma helicopter were used
to simulate a steady 1900 ft/min descent at 70 kn indicated air-
speed, at density altitude of 4000 ft and a mass of 5500 kg. Figure 4
compares the response of the full nonlinear individual blade/blade
element model with that of the linearized version. The input is a
collective pitch doublet of 2-s period, and the amplitude is 10% of
the available travel. In addition, the air density is � xed in the non-
linear model at the value pertinent to the trim point. It is clear that
the linearizedmodel accurately captures mode characteristics,with
some nonlinearity being present in terms of the amplitude of the
response. However, in Fig. 5 air density is free to vary with � ight
conditionand increasesas the aircraftdescends from 4000 to almost
2000 ft. It is clear in this case that although the linearized model
again captures nonlinear mode characteristics in terms of damping
and frequency, the nonlinear rotorspeedand true airspeed responses
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gradually decrease with time, albeit by very small amounts. The
true airspeed decrease is consistent with an almost constant indi-
cated airspeed. It is argued that in this case linearized modeling is
appropriate for capturing modal characteristics of a helicopter in
autorotation, and the small-perturbationanalysis can proceed.

The stability and control derivatives are given next, reordered,
and partitioned in accordance with Eq. (4):
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Fig. 4 Linear and nonlinear model response to collective input (� xed
air density): ——, nonlinear, and – – – , linear.

where
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Fig.5 Linear andnonlinearmodelresponse to collective input (varying
air density): ——, nonlinear, and – – – , linear.
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Table 4 Comparison of approximate and exact modes

Mode Exact Approximate

Short period ¡0.6483§ 0.5317i ¡0.7080§ 0.5361i
Phugoid ¡0.0237§ 0.1931i ¡0.0288§ 0.1913i
Rotorspeed ¡0.1525 ¡0.1346

Table 5 Rotorspeed coupling terms and approximate
system modes

Rotorspeed
System Phugoid mode mode

Eq. (27) ¡0.0288§ 0.1913i ¡0.1346
Eq. (27), no rotorspeed ¡0.0283§ 0.1947i ¡0.0677

coupling

Table 4 shows the eigenvaluesof this system, togetherwith those
of the approximate models described by Eqs. (11) and (12). As
with the autogyro con� guration, the modes are widely separated in
modulus, and the approximationsform a suitablebasis for analysis.

Using the approximationgiven by Eq. (13), the values in Eq. (26)
give

A22 ¡ A21 A¡1
11 A12 D

2

4
¡0:0565 ¡9:2081 0:0053

0:0042 0 ¡0:0010

0:0250 0 ¡0:1357

3

5 (27)

Table 5 compares the eigenvalues of this system with those that
would pertain if the rotorspeed and rotor torque derivatives were
zero.

The effect of including rotorspeed and torque derivatives on the
rotorspeed mode is similar to that for the autogyro in that damping
is increased.However, the effect on the phugoidmode is negligible.
The sourceof the rotorspeedmode is theprimarydampingderivative
QÄ D ¡ 0:0677 augmented by the term

¡Qw.Mq ZÄ ¡ Zq MÄ/
¯

!2
sp D ¡0:0681 (28)

This raises its value to ¡0.1357, consistent with Eq. (27). Unlike
the autogyro case however, the terms a13; a23, and a31 are such
that ±C ¼ 0. Equations (14) and (17) then show that ±aph ¼ 0 and
±bph ¼ 0, veri� ed by Table 5. This is despite the fact that on in-
spection the rotorspeed and rotor torque coupling derivatives in
Eq. (26) are not negligible. The analysis has identi� ed how a par-
ticular combination of derivatives can have an insigni� cant effect
on the phugoidmode, despite the fact that the individualderivatives
themselves may be nontrivial.

Unlike the autogyro case, Qu ¼ 0. This is because the helicopter
rotor is effectively aligned with the airframe so that changes in u
(unlike w) will not give rise to a change in the axial velocity and
hence torque. However, the coupling term a31 remains positive, but
for a quite dissimilar reason to that of the gyroplane ¡Mu is large
and positive. The potential contribution of Mu to redistribution of
rotorspeed and phugoid mode damping is ameliorated however by
smalla23 , but thismay notgenerallybe thecase for otherhelicopters.
Figure 6 is the root locus plot for variations in Qu of § 0:1, that
is, up to almost the same magnitude as Qw , which is physically
unrealistic. The results con� rm the analysis that the damping of
these modes is much less sensitive than the autogyro to changes in
Qu . However, Fig. 7 shows that MÄ has the same impact on this
helicopter as it has for the autogyro. The arrows indicate the trend
from MÄ D ¡ 0:0186 to MÄ D 0:0062.

The � nal consideration in the analysis of the helicopter is the
derivative Xq . Although it is not a consequence of introducing the
rotorspeed degree of freedom, it is quite dissimilar from the level
� ight value as a consequence of the high rate of descent in autoro-
tation. The approximation given by Eq. (13) shows that Xq appears
in a11 and a13 . With regard to a11; Xq , can either augment or dimin-
ish Xu , that is, augment or diminish phugoid mode damping. From
the values given in Eq. (26), it can be shown that Xq D ¡9:6090 is
largely responsiblefor increasingthe drag damping term in Eq. (27)
from ¡0.0129 to ¡0.0565. Mu again has a role to play because

Fig.6 Root locusof helicopter phugoidand rotorspeed modes: increas-
ing Qu; ¨, phugoid, and ¥, rotorspeed.

Fig.7 Root locusof helicopter phugoidand rotorspeed modes: increas-
ing MX ; ¨, phugoid, and ¥, rotorspeed.

the approximation (13) shows that the presence of a substantially
negative Xq will only tend to diminish phugoid mode damping if
Mu Zw ¡ Zu Mw > 0, which can occur if Mu is negative.

Discussion
Insightprovidedby the weakly coupledsystemsmethod lays bare

the various complex interrelationshipsbetween the derivatives that
give rise to the modal characteristics. The analysis can establish
the conditions under which inclusion of the rotorspeed degree of
freedomwill stabilize,or destabilize,the low-frequencybodymode.
It is accepted that the approximationsrequire a degree of familiarity
on the part of the reader, but they preserve the generality lost with
a numerical sensitivity analysis. A number of derivatives, either
singly or in combination, clearly have an important role to play,
speci� cally Qu ; Qw; Xq , and MÄ . Whether or not these derivatives
serveto stabilizeor destabilizemodesoftendependsonotheraircraft
characteristicsnot a consequenceof autorotation,such as Mq or Mu ,
and so on. For example, Qw will only augment damping of the low-
frequency modes if Mq ZÄ > Zq MÄ , but it is dif� cult to envisage a
rotorcraft con� guration for which this will not be the case. Unlike
the helicopter, the autogyro rotor is tilted aft relative to the airframe,
leading to some derivatives being signi� cantly larger in magnitude
such as Qu ; Zu ; XÄ , and Xw . However for the helicopter the high
rate of descent in autorotationresults in a large negative Xq . Despite
these signi� cant differences,the essentialresultsof the autogyroand
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helicopter case studies are similar—the rotorspeed mode damping
is enhanced by coupling with the body degrees of freedom, while
the low-frequency body mode (phugoid) may show little change.

The derivative MÄ also has an important role to play because
it can be varied with loading condition, and the results presented
here con� rm the intuitive static stability consideration that MÄ < 0
will tend to be stabilizing. This implies that the main rotor thrust
line passes behind the center-of-mass, which is not unreasonable
for a well-designed autogyro or a hingeless rotor helicopter with
a high equivalent hinge offset. However, it is likely to be the case
that some rotorcraft will have a center-of-massclose to the main ro-
tor thrust line and hence negligible MÄ . The analytical expressions
and root locus results then show that the phugoid mode will tend to
be destabilized by coupling with the rotorspeed degree of freedom.
The salient role of MÄ coupling the phugoid and rotorspeedmodes
in autorotation may be of signi� cance if pilot control strategy in-
volves loop closure using rotorspeed. For autogyros or helicopters
feedback of rotorspeedto the longitudinalcontrol is likely to render
increasingly negative MÄ. Such a control strategy may be unlikely
for helicopters, although this is not the case for autogyros. How-
ever, with helicopters pilot use of main rotor collective to control
rotorspeed is more likely, and for high equivalent hinge offset main
rotors that exhibit strong pitching moment changes with collective
pitch movement MÄ will be rendered destabilizing.

Finally, the approachoutlined in this paper constitutesa rigorous,
clearly de� ned, and consistent framework for the generalized anal-
ysis of the role of additional terms that arise as a result of operation
in autorotation.The strengthof such an analyticalapproach is that it
preserves the generality lost with say a numerical sensitivity analy-

Fig. 8 Root locus of helicopter short-period, phugoid, and rotorspeed
modes: increasing Mw .

sis, although increasing system complexity can render the latter an
expedient method. For example, the helicopter and autogyro cases
examined both had positive angle of attack stability (Mw < 0). This
is not generally the case with rotorcraft, and as Mw becomes more
positive the short-periodoscillation degenerates into two aperiodic
modes, one of large modulus, the other small. In the presence of the
rotorspeed degree of freedom, increasingly positive Mw results in
the latter eigenvalue merging rapidly with the rotorspeed mode to
form a second low-modulus oscillation, indistinguishablefrom the
existing phugoid mode in eigenstructure. Figure 8 illustrates this
effect for the helicopter case, with Mw increasing from ¡0.0084 to
C0.0062. The approximations developed here are no longer valid
and have to be reformulated to re� ect the different modal structure,
speci� cally the quartic, as opposed to cubic characteristic of the
low modulus modes of motion. However, the cubic approximation
is likely to be valid for a large class of contemporary helicopter
con� gurations that will tend to exhibit Mw < 0 as a result of care-
ful empennage design and relatively soft � apwise or low � ap hinge
offset rotors.

Conclusions
The method of weakly coupled systems can be used to derive

analytical expressions that describe the complex nature of the in-
teraction between rotorspeed and low-frequency rigid-body modes
of rotorcraft in autorotation.These modes display an intimate rela-
tionship in which the pitching-momentchange with rotorspeed has
a major role to play in determining stability characteristics.Torque
changeswith � ight conditioncan also increaseor decreasedamping
and frequency of the low-frequency phugoid rigid-body mode for
helicopters and autogyros. Use of the approximations with typical
autogyro and helicopter simulation models, complimented by sim-
ple root loci, veri� es the generality of the approach and con� rms
the integrity of the results.

References
1Glauert, H., “A General Theory of the Autogyro,”Aeronautical Research

Committee, Reports and Memoranda No. 1111, London, Nov. 1926.
2Houston,S. S., “LongitudinalStabilityofGyroplanes,”TheAeronautical

Journal, Vol. 100, No. 991, 1996, pp. 1–6.
3Houston, S. S., “Identi� cation of Autogyro Longitudinal Stability and

Control Characteristics,” Journal of Guidance, Control, and Dynamics,
Vol. 21, No. 3, 1998, pp. 391–399.

4Houston,S. S., “Identi� cation of Gyroplane Lateral/Directional Stability
and Control Characteristics from Flight Test,” Proceedings of the Institution
of Mechanical Engineers, Pt. G, Vol. 212, 1998, pp. 1–15.

5Houston, S. S., “Validation of a Rotorcraft Mathematical Model for Au-
togyro Simulation,” Journal of Aircraft, Vol. 37, No. 3, 2000, pp. 203–

209.
6Milne, R. D., “The Analysis of Weakly Coupled Dynamical Systems,”

International Journal of Control, Vol. 2, No. 2, 1965, pp. 171–199.
7Pad� eld, G. D., “On the Use of Approximate Models in Helicopter Flight

Mechanics,” Vertica, Vol. 5, No. 3, 1981, pp. 243–259.
8Houston, S. S., “Validation of a Non-Linear IndividualBlade Rotorcraft

Flight Dynamics Model Using a Perturbation Method,” The Aeronautical
Journal, Vol. 98, No. 977, 1994, pp. 260–266.

9Houston, S. S., “Validation of a Blade-Element Helicopter for Large-
Amplitude Maneuvres,” Aeronautical Journal, Vol. 101, No. 1001, 1997,
pp. 1–7.

10Coyle, S., The Art and Science of Flying Helicopters, Arnold, London,
1996, pp. 164, 165.


